Stereology of concrete reinforced with
short steel fibres

P. STROEVEN
Delft University of Technology
Department of Civil Engineering

Abstract

Mechanical tests on steel fibre reinforced concrete (SFRC) can only be interpreted on
the basis of a structural analysis. Stereological tools are available for that purpose.
Results of recent investigations will be presented, revealing quite complex characteris-
tics of the fibre dispersion in the matrix. Stereological reasoning can additionally be
employed to solve theoretical problems. Such problems are encountered when the
constitutive relationships for this type of composites are formulated. Brief reference
will be made to typical results obtained in this way.

Introduction

The basically brittle matrix in cementitious materials is incapable of transmitting sig-
nificant tensile stresses. Even when reinforced by steel bars, the matrix will be unable
to accommodate the relatively large deformations the steel bars undergo under tensile
loads. Large, widely spaced cracks (as compared to particle size) are the inevitable
result. By dispersing slender steel wires through the cementitious matrix, the crack
spacing and opening can dramatically be reduced. In doing so, the toughness of the
composite is improved by some orders of magnitude.

Theory underlying the constitutive relationships describing mechanical behaviour
generally assumes the fibres to be distributed uniformly at random through the matrix.
These relationships mostly are of a law-of-mixtures type. A coefficient takes account of
efficiency reduction due to the non-linearized fibre distribution. Regression coeffi-
cients are introduced to accomplish a best fit to the experimental data [1]. In this way,
mechanical behaviour under conditions covered by the tests can be predicted. For
design purposes this may be quite efficient.

The evaluation of materials research data, at least, calls for a more detailed insight
into actual morphological characteristics of the fibre distribution. It has previously been
demonstrated that technological parameters and compaction and placing procedures
exert their influences on these characteristics [2, 3]. Mechanical behaviour will mani-
fest itself differently in the various test set-ups in vogue [4, 5].

Technological parameters that may influence fibre distribution in practice are fibre
content, vibration time and workability (as influenced by the addition of a superplastic-
izer). These parameters also directly influence the mechanical properties, of course.
Changes in the fibre distribution have to be studied with the help of section or projec-
tion images. Previous investigations have already revealed quite complex image pat-
terns [6].
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Experimental procedure

Twelve concrete slabs were cast for the experiments. Each slab, 700 mm x 500 mm x
100 mm in size, represents a parameter combination specified in Table 1. A standard
aggregate grading with maximum grain size of 8 mm, a cement content of 375 kg/m®,

Table 1. Investigated parameter combinations in SFRC testing.

fibre content (% by volume)
fibres: plain; length 25 mm; diameter 0.38 mm

0.0 0.5 1.0 1.5 2.0 2.5 3.0
content of superplasticizer (%); t =120 sec
0.0 M120 P.1 P.2 P.3
0.7 P4 P.10
14 P.5 P.11
2.0 P.6 P.12
vibration time (sec); V,=2%
0 M 0 P.7

60 M 60 P.8
120 M120 P.6
180 M180 P.9

and a water/cement ratio of 0.5 were employed. The specimens were cut as indicated in
Fig. 1 (left).

Four-point bending and splitting tensile tests - the latter in different orthogonal
directions - were performed after 28 days. Compressive tests were performed as a refer-
ence on 150 mm cubes.

From a methodological standpoint, the researcher has three different strategies at his
disposal to approach the problem of analysing details of fibre dispersion.

A direct approach (which in the case of relatively thin elementsis alsoa non-destruc-
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Fig. 1. SFRC slabs were cut into six prisms 100 x 100 x 500 (top left) for the four-point bending
testing and thereupon cut into cubes for splitting tensile testing (bottom left). Various
section images in three orthogonal directions were subjected to the quantitative image
analysis procedure (right).
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tive one [7]) consists of X-raying slices of the specimen or structural unit. As demon-
strated by Fig. 2, a pattern of lineal features in the projection plane is obtained. The
dispersion characteristics can either be determined by simply counting the number of
projected fibres (or the projected parts of the fibres, when slices sawn from larger ele-
ments are X-rayed [8]), or by counting the number of intersections of the projected
(parts of the) fibres and a superimposed line grid. Details of such an approach were pre-
viously published [9]. In a wide-ranging research project, in which mechanical and
cracking behaviour were studied, the latter approach was chosen [6, 8]. In the present
case, a third strategy was adopted. Sections were obtained by cutting the specimens as
shown in Fig. 1, on the right. The number of fibre intersections in the section plane was
recorded. Hence, we see that all approaches basically rely on counting.

Fig. 2. X-ray pattern of a slice from a SFRC specimen [8]. The image plane can be subjected
directly to a counting operation of the lineal features. Alternatively, intersections can be
recorded of these features with a superimposed line grid. For a survey of the methodo-
logical aspects involved, see Table 2.

We previously succeeded in analysing such sections directly with the help of an auto-
matic image analyser by making use of the reflective properties of the fibre-cut surfaces
[8]. This, however, required careful preparation of the section surfaces by grinding (and
if necessary, by polishing) and for anti-corrosion measures. This is quite time-consum-
ing. In the present case we therefore manually copied the section patterns, which were
then analysed by the Quantimet 720 (see Figure 3). To that end, the image plane
(100 x 100 mm) was subdivided into strips of equal width (8 and 10 in the respective
approaches).

Experimental results

Two representative examples of image patterns are presented in Fig. 4. Visual inspec-
tion of such section images already reveals the occurrence of segregation; more wire
intersection are found in the bottom part than in the top part of the specimen. The same
phenomenon manifests itself in Fig. 2, selected from previous experiments [8]. In addi-
tion, however, a relatively small amount of fibre intersections is found in all boundary
zones in the present experiments. Since the extension of this zone should theoretically
be half the fibre length (i.e. 12.5 mm in this case), we used eight strips to analyse the
magnitude of the boundary effect. The Quantimet’s readings are fed into a PDP-com-
puter for further processing.



Fig. 3. Quantimet 720 (automatic image analyser) used for the investigations.

Fig. 5 (left) presents some of the primary results concerned with the fibre distribution
over the height of the cross-section of the specimens. By comparing such block dia-
grams it is possible to visualize the effect of fibre content, vibration time and workabil-
ity. This is demonstrated by an example shown in Fig. 5 (right). It relates to SFRC spe-
cimens containing 1.5% of steel fibres. The effect of compaction on the distribution of
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Fig. 4. Section images of SFRC specimens containing 0.5% (left) and 2% (right) by volume of
steel fibres. Segregation and boundary effects are visible.
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Fig. 5. Distribution of fibres over the height of SFRC specimens. The respective values per strip
are shown on the left. On the right, the results are shown of specimens containing 1.5% by
volume of fibres, but compacted for 0, 60 and 180 sec., respectively.

the fibres over the height of the specimens has been plotted. An initially rather uniform
distribution of the fibres is modified by 60 sec of compaction into a non-uniform distri-
bution; more fibres are localized in the bottom half than in the top half. This effect is
slightly more pronounced in the curve representing the experimental values of the
number of fibre intersections over the height of the cross-section of a specimen vibrated
for 180 sec.

In Fig. 6 we have assembled all the parabolic regression curves in consecutive order
(though volume fraction of wires, roughly speaking, increases toward the right in the
diagram). We see that boundary and segregation effects increase with volume fraction
of fibres. The curves represent average values for all sections containing in their plane
the z-axis (see Fig. 2). The segregation effect is absent, of course, in sections perpendi-
cular to the z-axis, the so called z-planes.

Increase of curvature of the regression lines with volume fraction seems to be roughly
proportional in Fig. 6. This is confirmed by calculations. For practical (i.e. design) pur-
poses it would therefore be appropriate to derive a single curve, normalized for fibre
content, from the experiments. Segregation and boundary effects nevertheless depend
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Fig. 6. Parabolic regression curves revealing the distribution of fibres over the height of SFRC
specimens. P.1-P.12 represent the parameter combinations specified in Table 1. The
curves are drawn to the same scale with volume fraction on the horizontal axis; however,
the zero values do not correspond.
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to some extent on the technological parameters considered. Fig. 7 presents some of the
results in graphical form. The values of Sand Bare derived from the regression curves as
explained in the caption of Fig. 7, on the left.

Sis the change in fibre density per unit of the specimen height (for convenience ex-
pressed in decimeters, since 4 = 1). We see that for practical values of the volume frac-
tion of fibres, say 0.5-1.5%, 2AS is around 0.25.
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Fig. 7. (left) Number of features (fibres), N, per strip (12.5 mm x 100 mm) as varying over the
height, 4, of a SFRC specimen. Parabnlic and tri-lineal regression lines are shown. Fig. 7
(right) gives the experimental results on segregation (2AS) and boundary effect (hB) defi-
ned by

S = (N, — N)[2hN
B= (N, +N)[2hN

Ny and N, are the extrapolated number of fibre intersections at the bottom and top,
respectively. N is a sample mean value for N.

Bis defined as the ratio of average fibre density in the boundary layers to overall den-
sity, per unit of the specimen height. We see that ABattains values around 0.8. Foreven-
ly distributed fibres - conventionally assumed in theroretical approaches - S and B
would have been zero and unity, respectively.

Parabolic regression curves have been determined for all sections in the two coor-
dinate directions. Fig. 7 (left) presents a single example. Due to preparation in larger
slabs the results of so-called x- and y-planes were quite similar and have therefore been
combined in determining average curves as shown in Fig. 6.

Anisometry and anisotropy

Three-dimensional morphological features of the fibre structure can be derived from
the 2-D characteristics in the sampled plane. Stereology offers the geometrical-statisti-
cal basis for relating the required 3-D features to the 0-D information yielded by the
counting operations.
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Partially oriented structures generally require random sampling. Apart from being
time consuming, the cutting operations would be complicated. It has proved to be suffi-
ciently accurate to assume the actual fibre distribution to be governed by a mixture of
2-D and 3-D fibre portions. In the more general case, when there would be a significant
deviation from the state of rotational symmetry, it would be possible to add a 1-D por-
tion as well. In such cases all morphological parameters (such as fibre content) will be
linear functions of the three fibre portions. This will require performing three indepen-
dent measurements (counting operations). The relevant theoretical framework has
been developed by the present author [4, 9]. Table 2 gives a survey.

By taking a zero value for the lineal portion, the formulas for a two-component system
are obtained. For such a system we have for the degree of orientation w [6, 10]

o=(Ny—N,) [ (Nx+0.273 N,) (1)
in which Ny and N, are the number of fibre intersections in the x- and z-planes, respect-

ively.
Although Ny (and NV) vary over the height of the specimen, this only leads to second-

Table 2. Theoretical basis for quantitative image analysis in the case of fibre reinforced cementi-
tious materials. Three experimental approaches, based on section and projection analy-
sis, are presented.

method of analysis nature of image stereological relationships
. . 2
feature counting section Py = %Lw +7 Ly, + Ly,
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Fig. 8. The degree of orientation, @ , of a partially oriented fibre structure in SFRC is controlled

by the volume fraction of fibres (right). Apart from depending on the volume fraction of
fibres, the splitting tensile strength, f;, is also related to the degree of orientation.

order effects in the splitting tensile strength. Average values are therefore determined
for w. Such values are used in Fig. 8. The same interpretation should be given to the
values of w used in Table 3.

Table 3 illustrates the effect of partial orientation (anisometry), and of different bond-
ing conditions between steel and concrete, on the splitting tensile strength. We may
safely conclude that knowledge of the degree of orientation in the fibre reinforcement is
indispensable to the correct interpretation of strength data. The data presented in Table
3 are derived from the constitutive relationships [4]

f;x=%aTVf(1 +%(0) +0mbn 2
Sz = %ar Vf(l - w) +0mVn (3)

Table 3. Strength ratio, fi/fs,, as influenced by the bonding conditions between steel and con-
crete and by the partial fibre orientation, w.

7 0m

@ 2 3 4 5 6

0 1.0 1.0 1.0 1.0 1.0

0.1 1.05 1.08 1.10 1.12 1.15

0.2 1.10 1.15 1.20 1.25 1.30 Sl
0.3 1.15 1.22 1.30 1.38 1.45

0.4 1.20 1.30 1.40 1.50 1.60

0.5 1.25 1.38 1.50 1.62 1.75

0.6 1.30 1.45 1.60 1.85 1.90




Essential elements of the derivation of these constitutive relationships are presented in
an Appendix.

In eqs (2) and (3) 7 is the interfacial shear strength, a, /; and w are the aspect ratio,
volume fraction and degree of orientation of the fibres, o, is the mortar strength and V;,
equals the fraction of the cross-sectional area transmitting tensile sresses. The linear
dependency of fix on w is confirmed by the experimental results, as shown in Fig. 8, at
the left.

The experimental data on strength, compiled in a condensed form in Table 4, reveal a
considerable degree of anisotropy. By adding 1.5% by volume of fibres, an increase in
the splitting tensile strength in the z-direction of roughly 20 to 30% is obtained. In the x-
direction these values are raised to 60 to 70%. This is in quantitative agreement with
egs. (2) and (3), using values for w determined by the image analysis.

We can specify the agreement more accurate. The linear dependence of @ on ¥; can be
expressed by

o =cV; (c=constant) 4)

Upon substitution of eq. (4) into egs. (2) and (3) we obtain the parabolic relationships

Sx=gsatVi(1 +3cW) + o mVim %)

fa=¢atVi(1 — V) + omVim 6)
In the case of a random uniform fibre dispersion we would have found

Jsx =52 = §aTVinom + TmVim (7

where Viom is the nominal fibre content.

Due to rearrangement of the fibres in experimental conditions, we see that the effec-
tive fibre reinforcement in a favourable cross-section (x-plane) increases up to Vi(1 +
1¢¥)), while in an orthogonal plane (z-plane) the effective fibre reinforcement is dimin-
ished to V(1 — cV;). These factors contain the influence of areal fibre density (N, is the
number of fibres per unit of area) and orientation distribution. Changes in N, are slight-
ly smaller than in V4. It can easily be demonstrated that Na,om for the case of a random
uniform system is increased by partial fibre orientation in the x-plane to Napom(1 +
3¢V [(14+0.273¢H). In the z-plane the decline is also slightly smaller. The expected
number of fibre intersections per unit of area will be Nxnom(1 — V) /(1 + 0.273¢cV}). Since
w attains for practical values of the volume fraction of fibres values up to about 0.4, the
changes in Nax and Na, quite accurately reveal the changes in effective reinforcement in
these directions due to partial orientation of the fibres.

The results of the quantitative image analysis confirm the theoretical predictions as is
shown by Fig. 9. Anisometry of the fibre structure increases progressively upon in-
crease of the fibre content.

The experimental results for the splitting tensile strength, compiled in Table 4, mani-
fest a similar improvement when the volume fraction of fibres is increased. Some devia-
tions occur solely due to a detrimental effect of the fibres on the mortar strength .
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Fig. 9. Fibre anisometry observed by quantitative image analysis in SFRC specimens.

Hence, we see that anisometry in the fibre structure is directly reflected in anisotropic
behaviour of the fibre composite!

Bending strength is even more improved by adding fibres than the splitting tensile
strength in the same direction. This is definitely the result of the segregation of the
fibres [12]. The constitutive relationships are more complicated in that case, however
[5]. It can be shown, nevertheless, that theory and experiments lead to similar values for
the bending strength, when the values for S and  given in this paper are used

Boundary effect

The detection of a significant boundary effect that will give rise to a size effect in
specimens and structural elements (particular in the case of thin or small ones) called

Table 4. Data on the influence of technological parameters (fibre content, amount of superplasticizer)
on bending and splitting tensile strength of SFRC specimens, revealing the effect of partial
orientation and segregation of the fibres. Vibration time is in all cases 120 sec. CV is the coeffi-
cient of variation.

modulus of rupture strength splitting tensile strength strength strength

nominal content —— increase increase increase

wire of super- perpendicular due to perpendicular parallel due to due to
series content  plasticizer  fbx Ccv fibres  fsx Cv Jz cv fibres fibres
number % % N/mm? % - N/mm? % N/mm? % - -
M 0.0 0.0 3.03 4.6 1.0 3.58 2.8 3.82 4.7 1.0 1.0
P.3 1.5 0.0 5.24 8.0 1.74 445 3.6 5.98 12.9 1.24 1.56
P.4 1.5 0.7 5.30 13.9 1.75 4.66 9.0 6.13 15.6 1.30 1.60
P.5 1.5 1.4 5.95 8.9 1.96 4.63 9.7 6.79 9.6 1.29 1.77
P.6 1.5 2.0 6.37 10.8 2,10  4.13 6.5 6.37 9.3 1.15 1.66
P10 20 0.7 5.53 8.5 1.83 4.61 7.2 7.51 11.7 1.29 1.96
P11 25 1.4 6.25 94 206 473 6.7 7.54 11.0 1.32 1.97
p.12 3.0 2.0 6.77 8.7 2.23 3.53 5.1 8.18 152 0.98 2.14




for a theoretical description of this phenomenon. In the literature only 2-D solutions are
available [13]. Proceeding as outlined above, we analytically determined solutions for
2-D and 3-D portions separately. By superimposing these solutions it is possible to
construct more general solutions for partially-planar oriented structures.

The procedure will be briefly described. Details will be given elsewhere. The
boundary zone is hypothetically assumed to be sliced. The very thin slices all run paral-
lel to the outer surface of the boundary layer of the specimen. Next, imagine all fibres
whose centres are contained in slice (i) to be gathered together, while preserving their
original orientation. By joining the ends of these fibres, the other fibre ends would uni-
formly at random cover the surface of a sphere with radius [(=fibre lenght), in the case
of a 3-D dispersion. For a 2-D SFRC composite we would obtain a circle with a radius /.

When (i) is remote from the external surface, the sphere and circle would be
“complete”. Upon approaching the external surface, particular fibres would intersect
the outer surface. As a result, we have to exclude sectors in the sphere or circle, when
dealing with a 3-D or 2-D fibre composite, respectively. These excluded parts increase
in size when (i) approaches the external surface. Hence, the elementary portions of the
partially-planar model will manifest a growing deviation from 3-D and 2-D uniform
randomness.

The contributions to stiffness or strength of the fibres encompassed by the “incom-
plete” sphere or circle models can easily be determined. In the first case we consider the
contribution to stiffness parallel to the outer surface by sampling a unit volume. In the
second case we consider the conditional probability of those fibres of the above-men-
tioned set which intersect a crack surface perpendicular to the outer surface. Care has to
be bestowed on selecting the correct upper and lower bounds of the otherwise elemen-
tary integrals involved.

Following the same reasoning, stiffness and strength contributions of a slice (i) can
be extended to a surface layer with a finite thickness x (0 <x< 31). To that end, we have
to correct the fibre length in the sphere and circle models to such an extent, that only
the parts of the fibres contained in the boundary layer considered are taken into
account. For crack growth studies, in particular, this seems a relevant approach, since
the stiffness as well as the efficiency of the reinforcement diminish towards the external
surfaces of the specimens or structural units. The 2-D portion should be considered, of
course, only in those cases where the plane of orientation is perpendicular to the exter-
nal surface (or more accurately, is not parallel to this surface).

Conclusions

Stereology offered the tools for successfully analysing the quite complex distribution of
fibres in SFRC composite specimens used for these investigations. The fibres in the
slab-like specimens were disposed in a partially-planar structure with the axis of sym-
metry in the direction of the gravity field. More fibres were present in the interior than
in the boundary layers. Due to compaction of the fresh mixes, fibres also moved down
to a certain extent, causing some segregation.
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In this way, a more intelligent basis can be given to strength results in bending and
splitting tensile modes. Anisotropy was shown in the experiments to be mainly gover-
ned by anisometry of the fibre structure. The disproportionate increase in the bending
strength as compared with the splitting tensile strength is due to the segregation effect.

In this paper the image analysis aspects have been particularly emphasized. In
Babut’s paper the mechanical aspects will receive full attention. Both relate to the same
experiments performed in the Stevin Laboratory during a four-month stay of Dr. Babut.
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APPENDIX

Essential elements in the derivation of the constitutive relationships for the splitting
tensile strength of SFRC composites.
Adopting the sphere and circle models described in the paper under the heading
“BOUNDARY EFFECT” we proceed as follows:
- a wire intersecting a crack has an embedded part (k< 1—1), see Fig. 10;
- weassume a triangular distribution of the shear stress in the interfacial layer between
steel and mortar; the maximum stress corresponds to the maximum shear strength

Fig. 10. A single crack transmitting a load at a crack surface (left). All wires intersecting the crack
plane are gathered together, maintaining their original orientation, and all jointed at one
end. The other ends will cover the surface of a sphere shown at the right. The infinitely
small surface element of the sphere associated with a single wire is proportional to sin y.

7 of the interface; this maximum is achieved at the point where the wire protrudes
from the crack surface;
- as a consequence, the load carried by a single wire is

Pr=1ir dtl cos y,

v being the angle between the wire and the normal vector to the crack plane. Per unit
area of the crack surface we have N, wires, so that the stress transmitted at the crack
surface by the wires is

or=3m dtNAL cos

- for 3-D and 2-D portions we have respectively
. 1 .o . .
Nai=3Lvi and Nap = p Ly, (i=isometric, p=planar portion)

- L, is the total wire length per unit of volume;
- from the sphere model it is obvious that

72 72

kcos y =41 sin y cos’y dy/ | sin y cos woy =11
0 0
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proceeding similarly for the 2-D portion yields

72 /2 -
kcos y =31 | cos’y dy| | cosjdy =1l
0 0

upon substitution of Na and / cos w we obtain

o =5nd Ly
op=1nd Ly, 4

28

Ox = ﬁ?’[d lr(2LVi + 3va)

by definition we have Ly, = wLy and Lyi = Ly — Lv, = (1—w)Ly
substitution in the herefore given formula finally yields

ox=1taVi(l +;0)

for the z-direction a similar procedure can be adopted.



